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Abstract
We survay our recent results on fractional gravity theory. It is also
provided the Main Theorem on encoding of geometric data (metrics
and connections in gravity and geometric mechanics) into solitonic
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1 Introduction
Recently, we extended the fractional calculus to Ricci flow theory, grav-
ity and geometric mechanics, solitonic hierarchies etc [1, 2, 3, 4, 5, 6]. In
this work, we outline some basic geometric constructions related to frac-
tional derivatives and integrals and their applications in modern physics
and mechanics.
Our approach is also connected to a method when nonholonomic defor-
mations of geometric structures1 induce a canonical connection, adapted to
a necessary type nonlinear connection structure, for which the matrix coeffi-
cients of curvature are constant [7, 8]. For such an auxiliary connection, it is
possible to define a bi–Hamiltonian structure and derive the corresponding
solitonic hierarchy.
The paper is organized as follows: In section 2, we outline the geometry
of N–adapted fractional manifolds and provide an introduction to fractional
gravity. In section 3, we show how fractional gravitational field equations
can be solved in a general form. Section 4 is devoted to the Main Theorem on
fractional solitonic hierarchies corresponding to metrics and connections in
fractional gravity. The Appendix contains necessary definitions and formulas
on Caputo fractional derivatives.
Acknowledgement: This paper summarizes the results presented
in our talk at Conference ”New Trends in Nanotechnology and Nonlinear
Dynamical Systems”, 25–27 July, 2010, C¸ankaya University, Ankara, Turkey.
1determined by a fundamental Lagrange/ Finsler / Hamilton generating function (or,
for instance, and Einstein metric)
2
2 Fractional Nonholonomic Manifolds and Grav-
ity
Let us consider a ”prime” nonholonomic manifold V is of integer dimen-
sion dim V = n+m,n ≥ 2,m ≥ 1.2 Its fractional extension
α
V is modelled
by a quadruple (V,
α
N,
α
d,
α
I), where
α
N is a nonholonomic distribution stating
a nonlinear connection (N–connection) structure (for details, see Appendix
A with explanations for formula (1). The fractional differential structure
α
d
is determined by Caputo fractional derivative (A.1) following formulas (A.3)
and (A.4). The non–integer integral structure
α
I is defined by rules of type
(A.2).
A nonlinear connection (N–connection)
α
N for a fractional space
α
V is
defined by a nonholonomic distribution (Whitney sum) with conventional
h– and v–subspaces, h
α
V and v
α
V,
α
T
α
V = h
α
V⊕v
α
V. (1)
A fractional N–connection is defined by its local coefficients
α
N={ αNai },
when
α
N= αNai (u)(dx
i)α ⊗
α
∂a.
For a N–connection
α
N, we can always construct a class of fractional (co)
frames (N–adapted) linearly depending on αNai ,
αeβ =
[
αej =
α
∂j −
αNaj
α
∂a,
αeb =
α
∂b
]
, (2)
αeβ = [ αej = (dxj)α, αeb = (dyb)α + αN bk(dx
k)α]. (3)
The nontrivial nonholonomy coefficients are computed αW aib =
α
∂b
αNai and
αW aij =
αΩaji =
αei
αNaj −
αej
αNai for
[ αeα,
αeβ] =
αeα
αeβ −
αeβ
αeα =
αW γαβ
αeγ .
In above formulas, the values αΩaji are called the coefficients of N–connection
curvature. A nonholonomic manifold defined by a structure
α
N is called, in
brief, a N–anholonomic fractional manifold.
2A nonholonomic manifold is a manifold endowed with a non–integrable (equivalently,
nonholonomic, or anholonomic) distribution.
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We write a metric structure
α
g = { αgαβ} on
α
V in the form
α
g = αgkj(x, y)
αek ⊗ αej + αgcb(x, y)
αec ⊗ αeb (4)
= ηk′j′
αek
′
⊗ αej
′
+ ηc′b′
αec
′
⊗ αeb
′
,
where matrices ηk′j′ = diag[±1,±1, ...,±1] and ηa′b′ = diag[±1,±1, ...,±1],
for the signature of a ”prime” spacetimeV, are obtained by frame transforms
ηk′j′ = e
k
k′ e
j
j′
αgkj and ηa′b′ = e
a
a′ e
b
b′
αgab.
A distinguished connection (d–connection)
α
D on
α
V is defined as a linear
connection preserving under parallel transports the Whitney sum (1). We
can associate a N–adapted differential 1–form
αΓτβ =
αΓτβγ
αeγ , (5)
parametrizing the coefficients (with respect to (3) and (2)) in the form
αΓ
γ
τβ =
(
αLijk,
αLabk,
αCijc,
αCabc
)
.
The absolute fractional differential αd =
1x
α
dx+ 1y
α
dy acts on fractional
differential forms in N–adapted form; the value αd := αeβ αeβ splits into
exterior h- and v–derivatives when
1x
α
dx := (dx
i)α
1x
α
∂i =
αej αej and 1y
α
dy := (dy
a)α
1x
α
∂a =
αeb αeb.
The torsion and curvature of a fractional d–connection
α
D = { αΓτβγ}
can be defined and computed, respectively, as fractional 2–forms,
αT τ +
α
D αeτ = αd αeτ + αΓτβ ∧
αeβ and (6)
αRτβ +
α
D αΓτβ =
αd αΓτβ −
αΓ
γ
β ∧
αΓτγ =
αRτβγδ
αeγ ∧ αeδ.
There are two another important geometric objects: the fractional Ricci
tensor αRic = { αRαβ +
αRταβτ} with components
αRij +
αRkijk,
αRia + −
αRkika,
αRai +
αRbaib,
αRab +
αRcabc (7)
and the scalar curvature of fractional d–connection
α
D,
α
sR +
αgτβ αRτβ =
αR+ αS, αR = αgij αRij,
αS = αgab αRab, (8)
with αgτβ being the inverse coefficients to a d–metric (4).
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We can introduce the Einstein tensor αEns = { αGαβ},
αGαβ :=
αRαβ −
1
2
αgαβ
α
sR. (9)
For various applications, we can consider more special classes of d–
connections:
• There is a unique canonical metric compatible fractional d–connection
αD̂ = { αΓ̂γαβ =
(
αL̂ijk,
αL̂abk,
αĈijc,
αĈabc
)
}, when αD̂ ( αg) = 0,
satisfying the conditions αT̂ ijk = 0 and
αT̂ abc = 0, but
αT̂ ija,
αT̂ aji
and αT̂ abi are not zero. The N–adapted coefficients are given in ex-
plicitly form in our works [1, 2, 3, 4, 5, 6].
• The fractional Levi–Civita connection α∇ = { αΓγαβ} can be defined
in standard from but for the fractional Caputo left derivatives acting
on the coefficients of a fractional metric.
On spaces with nontrivial nonholonomic structure, it is preferred to work
on
α
V with αD̂ = { αΓ̂γτβ} instead of
α∇ (the last one is not adapted to
the N–connection splitting (1)). The torsion αT̂ τ (6) of αD̂ is uniquely
induced nonholonomically by off–diagonal coefficients of the d–metric (4).
With respect to N–adapted fractional bases (2) and (3), the coefficients of
the fractional Levi–Civita and canonical d–connection satisfy the distorting
relations
αΓγαβ =
αΓ̂
γ
αβ +
αZγαβ, (10)
where the N–adapted coefficients of distortion tensor Zγαβ are computed
in Ref. [6].
An unified approach to Einstein–Lagrange/Finsler gravity for arbitrary
integer and non–integer dimensions is possible for the fractional canonical d–
connection αD̂. The fractional gravitational field equations are formulated
for the Einstein d–tensor (9), following the same principle of constructing
the matter source αΥβδ as in general relativity but for fractional metrics
and d–connections,
αÊ βδ =
αΥβδ . (11)
Such a system of integro–differential equations for generalized connections
can be restricted to fractional nonholonomic configurations for α∇ if we
impose the additional constraints
αL̂caj =
αea(
αN cj ),
αĈijb = 0,
αΩaji = 0. (12)
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There are not theoretical or experimental evidences that for fractional
dimensions we must impose conditions of type (12) but they have certain
physical motivation if we develop models which in integer limits result in
the general relativity theory.
3 Exact Solutions in Fractional Gravity
We studied in detail [2] what type of conditions must satisfy the coeffi-
cients of a metric (4) for generating exact solutions of the fractional Einstein
equations (11). For simplicity, we can use a ”prime” dimension splitting of
type 2 + 2 when coordinated are labeled in the form uβ = (xj , y3 = v, y4),
for i, j, ... = 1, 2. and the metric ansatz has one Killing symmetry when the
coefficients do not depend explicitly on variable y4.
3.1 Separation of equations for fractional and integer dimen-
sions
The solutions of equations can be constructed for a general source of
type3
αΥα β = diag[
αΥγ ;
αΥ1 =
αΥ2 =
αΥ2(x
k, v); αΥ3 =
αΥ4 =
αΥ4(x
k)]
For such sources and ansatz with Killing symmetries for metrics, the Einstein
equations (11) can be integrated in general form.
We can construct ’non–Killing’ solutions depending on all coordinates
when
αg = αgi(x
k) αdxi ⊗ αdxi + αω2(xj , v, y4) αha(x
k, v) αea⊗ αea,
αe3 = αdy3 + αwi(x
k, v) αdxi, αe4 = αdy4 + αni(x
k, v) αdxi, (13)
for any αω for which
αek
αω =
α
∂k
αω + αwk
αω∗ + αnk
α
∂y4
αω = 0.
Configurations with fractional Levi–Civita connection α∇, of type (12), can
be extracted by imposing additional constraints
αw∗i =
αei ln |
αh4|,
αek
αwi =
αei
αwk,
αn∗i = 0,
α
∂i
αnk =
α
∂k
αni, (14)
3such parametrizations of energy–momentum tensors are quite general ones for various
types of matter sources
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where the partial derivatives are
αa• =
α
∂1a = 1x1
α
∂x1
αa, αa′ =
α
∂2a = 1x2
α
∂x2
αa, αa∗ =
α
∂va = 1v
α
∂v
αa,
being used the left Caputo fractional derivatives (A.3).
3.2 Solutions with αh∗3,4 6= 0 and
αΥ2,4 6= 0
For simplicity, we provide only a class of exact solution with metrics of
type (13) when αh∗3,4 6= 0 (in Ref. [2], there are analyzed all possibilities
for coefficients4) We consider the ansatz
αg = e
αψ(xk) αdxi ⊗ αdxi + h3(x
k, v) αe3⊗ αe3 + h4(x
k, v) αe4⊗ αe4,
αe3 = αdv + αwi(x
k, v) αdxi, αe4 = αdy4 + αni(x
k, v) αdxi (15)
We consider any nonconstant αφ = αφ(xi, v) as a generating function.
We have to solve respectively the two dimensional fractional Laplace equa-
tion, for αg1 =
αg2 = e
αψ(xk). Then we integrate on v, in order to
determine αh3,
αh4 and
αni, and solve algebraic equations, for
αwi. We
obtain (computing consequently for a chosen αφ(xk, v))
αg1 =
αg2 = e
αψ(xk), αh3 = ±
| αφ∗(xi, v)|
αΥ2
, (16)
αh4 =
α
0h4(x
k)± 2
1v
α
Iv
(exp[2 αφ(xk, v)])∗
αΥ2
,
αwi = −
α
∂i
αφ/ αφ∗, αni =
α
1nk
(
xi
)
+ α2nk
(
xi
)
1v
α
Iv[
αh3/(
√
| αh4|)
3],
where α0h4(x
k), α1nk
(
xi
)
and α2nk
(
xi
)
are integration functions, and
1v
α
Iv is the fractional integral on variables v and
αφ = ln |
αh∗4√
| αh3 αh4|
|, αγ =
(
ln | αh4|
3/2/| αh3|
)∗
, (17)
ααi =
αh∗4
α
∂k
αφ, αβ = αh∗4
αφ∗ .
For αh∗4 6= 0;
αΥ2 6= 0, we have
αφ∗ 6= 0. The exponent e
αψ(xk) is
the fractional analog of the ”integer” exponential functions and called the
4by nonholonomic transforms, various classes of solutions can be transformed from one
to another
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Mittag–Leffer function Eα[(x−
1x)α]. For αψ(x) = Eα[(x−
1x)α], we have
α
∂iEα = Eα.
We have to constrain the coefficients (16) to satisfy the conditions (14)
in order to construct exact solutions for the Levi–Civita connection α∇.
To select such classes of solutions, we can fix a nonholonomic distribution
when α2nk
(
xi
)
= 0 and α1nk
(
xi
)
are any functions satisfying the conditions
α
∂i
α
1nk (xj) =
α
∂k
α
1ni
(
xj
)
. The constraints on αφ(xk, v) are related to the
N–connection coefficients αwi = −
α
∂i
αφ/ αφ∗ following relations
( αwi[
αφ])∗ + αwi[
αφ] ( αh4[
αφ])∗ +
α
∂i
αh4[
αφ] = 0,
α
∂i
αwk[
αφ] =
α
∂k
αwi[
αφ],
where, for instance, we denoted by αh4[
αφ] the functional dependence on
αφ. Such conditions are always satisfied for αφ = αφ(v) or if αφ = const
when αwi(x
k, v) can be any functions with zero αβ and ααi, see (17)).
4 The Main Theorem on Fractional Solitonic Hi-
erarchies
In Ref. [6, 7, 8], we proved that the geometric data for any fractional
metric (in a model of fractional gravity or geometric mechanics) naturally
define a N–adapted fractional bi–Hamiltonian flow hierarchy inducing an-
holonomic fractional solitonic configurations.
Theorem 4.1 For any N–anholonomic fractional manifold with prescribed
fractional d–metric structure, there is a hierarchy of bi-Hamiltonian N–
adapted fractional flows of curves γ(τ, l) = hγ(τ, l) + vγ(τ, l) described by
geometric nonholonomic fractional map equations. The 0 fractional flows
are defined as convective (traveling wave) maps
γτ = γl, distinguished (hγ)τ = (hγ)hX and (vγ)τ = (vγ)vX .
There are fractional +1 flows defined as non–stretching mKdV maps
− (hγ)τ =
αD2hX (hγ)hX +
3
2
| αDhX (hγ)hX|
2
hg (hγ)hX ,
− (vγ)τ =
αD2vX (vγ)vX +
3
2
| αDvX (vγ)vX|
2
vg (vγ)vX ,
and fractional +2,... flows as higher order analogs. Finally, the fractional
-1 flows are defined by the kernels of recursion fractional operators inducing
non–stretching fractional maps αDhY (hγ)hX = 0 and
αDvY (vγ)vX = 0.
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A Fractional Caputo N–anholonomic Manifolds
The fractional left, respectively, right Caputo derivatives are defined by
formulas
1x
α
∂xf(x) :=
1
Γ(s− α)
x∫
1x
(x− x′)s−α−1
(
∂
∂x′
)s
f(x′)dx′; (A.1)
x
α
∂
2xf(x) :=
1
Γ(s− α)
2x∫
x
(x′ − x)s−α−1
(
−
∂
∂x′
)s
f(x′)dx′ .
We can introduce
α
d := (dxj)α 0
α
∂j for the fractional absolute differential,
where
α
dxj = (dxj)α (x
j)1−α
Γ(2−α) if 1x
i = 0. Such formulas allow us to elaborate
the concept of fractional tangent bundle
α
TM, for α ∈ (0, 1), associated to
a manifold M of necessary smooth class and integer dimM = n.5
Let us denote by Lz( 1x, 2x) the set of those Lesbegue measurable func-
tions f on [ 1x, 2x] when ||f ||z = (
2x∫
1x
|f(x)|zdx)1/z < ∞ and Cz[ 1x, 2x]
be the space of functions which are z times continuously differentiable on
this interval. For any real–valued function f(x) defined on a closed interval
[ 1x, 2x], there is a function F (x) = 1x
α
Ix f(x) defined by the fractional
Riemann–Liouville integral
1x
α
Ixf(x) :=
1
Γ(α)
x∫
1x
(x − x′)α−1f(x′)dx′, when
f(x) =
1x
α
∂xF (x), for all x ∈ [ 1x, 2x], satisfies the conditions
1x
α
∂x
(
1x
α
Ixf(x)
)
= f(x), α > 0, (A.2)
1x
α
Ix
(
1x
α
∂xF (x)
)
= F (x)− F ( 1x), 0 < α < 1.
We can consider fractional (co) frame bases on
α
TM. For instance, a
fractional frame basis
α
eβ = e
β′
β(u
β)
α
∂β′ is connected via a vierlbein transform
eβ
′
β(u
β) with a fractional local coordinate basis
α
∂β′ =
(
α
∂j′ = 1xj′
α
∂j′ ,
α
∂b′ = 1yb′
α
∂b′
)
, (A.3)
5For simplicity, we may write both the integer and fractional local coordinates in the
form uβ = (xj , ya). We underlined the symbol T in order to emphasize that we shall
associate the approach to a fractional Caputo derivative.
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for j′ = 1, 2, ..., n and b′ = n+1, n+2, ..., n+n. The fractional co–bases are
related via
α
e
β
= e ββ′ (u
β)
α
duβ
′
, where
α
duβ
′
=
(
(dxi
′
)α, (dya
′
)α
)
. (A.4)
The fractional absolute differential
α
d is written in the form
α
d := (dxj)α 0
α
∂j, where
α
dxj = (dxj)α
(xj)1−α
Γ(2− α)
,
where we consider 1x
i = 0.
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